Contact problem for magneto-electro-elastic half-plane materials indented by a moving punch. Part II: Numerical results  by Zhou, Yue-Ting & Lee, Kang Yong
International Journal of Solids and Structures 49 (2012) 3866–3882Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rContact problem for magneto-electro-elastic half-plane materials indented
by a moving punch. Part II: Numerical results
Yue-Ting Zhou a, Kang Yong Lee a,b,⇑
a School of Mechanical Engineering, Yonsei University, Seoul 120-749, Republic of Korea
b State Key Laboratory of Structural Analysis for Industrial Equipment, Department of Engineering Mechanics, Dalian University of Technology, Dalian 116024, PR China
a r t i c l e i n f oArticle history:
Available online 30 August 2012
Keywords:
Numerical results
Relative moving velocity
Concentration
Magneto-electro-elastic
Coupling0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.08.018
⇑ Corresponding author at: State Key Laboratory
Industrial Equipment, Department of Engineering Me
Technology, Dalian 116024, PR China. Tel.: +86 411 8
E-mail addresses: zhouyueting@yeah.net (Y.-T.
(K.Y. Lee).a b s t r a c t
In Part I of this series of papers, an exact contact analysis of magneto-electro-elastic half-plane materials
indented by a moving rigid punch is theoretically performed. The present paper, which is Part II of the
series, presents a numerical analysis for the same moving contact problem based on the theoretical
model developed in Part I. A BaTiO3–CoFe2O4 composite is chosen for the numerical computation. The
effects of the relative moving velocity on the eigenvalue distribution are detailed and suggest that the
relative moving velocity values should be kept within the unite interval in a practical computation.
Numerical results of the contact behaviors are presented. These results both justify the derivation of
the closed-form solutions obtained in Part I and show the validity of the present program. The inﬂuences
on the contact behaviors of the relative moving velocity, geometry loading, and magneto-electro proper-
ties of the indentation by a ﬂat or cylindrical punch are detailed. The physics behind the differences in
different surface contact conditions are revealed. The surface damage mechanism for magneto-electro-
elastic half-plane materials is discussed to optimize their design and service. The results present in this
paper may provide a theoretical basis for magneto-electro-elastic materials characterizations.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The indentation technique has been widely employed to mea-
sure the mechanical, electrical, and/or magnetic properties of ad-
vanced composites (Vlassak et al., 2003; Kalinin et al., 2007;
Chen et al., 2009). This approach obviously depends on the solu-
tions of the corresponding contact mechanics. Modern industrial
and technological processes widely apply complex composed
structures consisting of materials with different physical proper-
ties (for example, piezoelectric, piezomagnetic, and solid struc-
tures constructed by a composition of these materials, e.g., smart
materials Harshe et al., 1993; Avellaneda and Harshe, 1994; Nan,
1994; Benveniste, 1995; Li, 2000; Pan and Heyliger, 2003; Zhao
and Chen, 2010). There is signiﬁcant interest in the contact prob-
lem of magneto-electro-elastic materials to reveal the coupling ef-
fects between elastic, electric, and magnetic ﬁelds.
In Part 1 of this series of papers, an exact contact analysis is per-
formed for magneto-electro-elastic half-plane materials indented
by a moving, rigid ﬂat or cylindrical punch. Different surface con-
tact conditions are proposed, i.e., the punch may be electricallyll rights reserved.
of Structural Analysis for
chanics, Dalian University of
4709127.
Zhou), kyl2813@gmail.comand magnetically conducting; electrically conducting and magnet-
ically insulating; electrically insulating and magnetically conduct-
ing; and electrically and magnetically insulating. The eigenvalue
distributions of the double-biquadrate order characteristic equa-
tion related to the magneto-electro-elastic governing equations
are detailed. Based on real fundamental solutions, the complex
boundary value problems are reduced to a system of singular inte-
gral equations, and the exact solutions to this system are pre-
sented. Closed-form expressions of various physical quantities in
elastic, electric and magnetic ﬁelds are derived in terms of funda-
mental functions. The physics behind the complicated expressions
obtained in Part I of this series need to be revealed to explain the
differences in different boundary conditions. On the other hand,
a computer method may provide a way to examine the correctness
of the mathematical models presented in Part I.
Motivated by the reasons mentioned above, Part II performs a
numerical analysis for the same moving contact problem that is
theoretically established in Part I. A BaTiO3–CoFe2O4 composite is
chosen for the numerical computation. Numerical eigenvalue re-
sults are presented, and the effects of the relative moving velocity
on the eigenvalue distribution related to the BaTiO3–CoFe2O4
composite are analyzed. The contact behaviors under a ﬂat or
cylindrical punch with different surface contact conditions (e.g.,
electrically conducting and magnetically conducting, electrically
conducting and magnetically insulating, electrically insulating
and magnetically conducting, and electrically insulating and
28 
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Fig. 1. The normalized surface contact stress rZZ(X/a, 0)/r⁄(r⁄ = P/(ap)), surface
electric displacement DZ(X/a, 0)/q⁄(q⁄ = Q/(ap)) and surface magnetic induction
BZ(X/a, 0)/m⁄(m⁄ =M/(ap)) under a ﬂat punch.
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results can both check the correctness of the closed-form solutions
obtained in Part I and show the validity of the present program.
The inﬂuences of the relative moving velocity, geometry loading,
and magneto-electro-elastic loadings on the contact behaviors un-
der the action of a ﬂat or cylindrical punch are detailed. In addition
to the moving velocity, the coupling among the elastic, electric, and
magnetic ﬁelds are found to allow adjustment of the physical
quantity magnitudes in magneto-electro-elastic half-plane materi-
als indented by a moving punch. The present paper, in conjunction
with Part I, may provide a theoretical basis for magneto-electro-
elastic material characterizations.
2. Material properties
A BaTiO3–CoFe2O4 composite, which consists of piezoelectric
phase BaTiO3 and piezomagnetic phase CoFe2O4, is chosen for the
numerical computation. The effective material constants of the Ba-
TiO3–CoFe2O4 composite are listed as follows (Zhong and Li, 2008):
c11 ¼ 226 Gpa; c13 ¼ 124 Gpa; c33 ¼ 216 Gpa; c44 ¼ 44 Gpa
e31 ¼ 2:2 cm2; e33 ¼ 9:3 cm2; e15 ¼ 5:8 cm2
h31 ¼ 290:2 NA1 m1; h33 ¼ 350 NA1 m1; h15 ¼ 275 NA1 m1
211 ¼ 5:64 109 C2 N1 m2; 233 ¼ 6:35 109 C2 N1 m2
l11 ¼ 2:97 104 Ns2 C2; l33 ¼ 0:835 104 Ns2 C2
d11 ¼ 5:367 1012 Ns  V1 C1; d33 ¼ 2737:5 1012 Ns  V1 C13. Numerical eigenvalue results
Table 1 shows the numerical values of eigenvalues for various
relative moving velocities. It can be observed that, for the moving
contact problem, the moving velocity affects the eigenvalue distri-
bution. As the relative moving velocity c varies, the following cases
arise in the eigenvalue distribution: (I) four pairs of opposite real
roots, (II) three pairs of opposite real roots and a pair of purely
imaginary roots, and (III) two pairs of opposite real roots and
two pairs of purely imaginary roots. In case of c 6 1, i.e., the mov-
ing velocity of the punch does not exceed the shear wave velocity,
four pairs of opposite real roots can be obtained. Because the ﬁeld
quantities should vanish at inﬁnity for a semi-inﬁnite magneto-
electro-elastic plane, the c values are kept as c 6 1 in the numerical
computation.4. Contact behaviors under a ﬂat punch
Fig. 1 shows the normalized surface contact stress rZZ(X/a, 0)/
r⁄(r⁄ = P/(ap)), surface electric displacement DZ(X/a, 0)/q⁄(q⁄ = Q/Table 1
Eigenvalues for various relative moving velocities (i2 = 1).
c n1 n2 n3 n4
0 0.7972 0.9356 1.324 1.9017
0.1 0.7947 0.9356 1.3212 1.9016
0.2 0.7871 0.9354 1.3126 1.9014
0.3 0.7740 0.9352 1.2984 1.9010
0.4 0.7546 0.9348 1.2786 1.9005
0.5 0.7276 0.9343 1.2534 1.8999
0.6 0.6910 0.9336 1.2231 1.8992
0.7 0.6414 0.9326 1.1882 1.8985
0.8 0.5733 0.9310 1.1497 1.8977
0.9 0.4755 0.9287 1.1087 1.8970
1.0 0.3169 0.9248 1.0672 1.8962
1.1 0.9175 1.0277 1.8955 0.2253i
1.2 0.9033 0.9946 1.8948 0.4787i
10 0.9425 1.8862 4.2575i 9.9238i(ap)) and surface magnetic induction BZ(X/a, 0)/m⁄(m⁄ =M/(ap))
under a ﬂat punch. Note that Fig. 1 can be plotted either from
Eqs. (77), (88), (89), and (90) or from the second expression of
Eqs. (85)–(87) given in Part I of this series of papers, which both
justiﬁes the derivation of closed-form solutions for the ﬂat punch
case with various surface contact conditions and shows the validity
of the present program.
Fig. 1 illustrates that serious contact stress, electric displace-
ment, and/or magnetic induction concentrations exist near the ﬂat
punch edges (‘and/or’ is dependent on the magneto-electro proper-
ties of the punch), which may account for the surface damage
under a ﬂat punch. The relative moving velocity c has no effect
on the surface contact stress, electric displacement, and magnetic
induction. The surface contact stress is only dependent on the
indentation force applied on the punch, surface electric displace-
ment is only dependent on the electrical properties (electrically
conducting or electrically insulating) of the punch, and surface
magnetic induction is only dependent on the magnetic properties
(magnetically conducting or magnetically insulating) of the punch
as shown in Eqs. (77), (27), (31), (88), (89), and (90) given in Part I.
Thus, other loadings other than the corresponding one mentioned
above have no effects on the surface normal stress, electric dis-
placement, and magnetic induction, which is quite different from
those inside magneto-electro-elastic half-plane materials, as will
be seen below.4.1. The normalized normal stress distribution under a ﬂat punch
Figs. 2 and 3, respectively, demonstrate the distributions of
the normalized normal stress rZZ(X/a, Z/a)/r⁄(r⁄ = P/(ap)) in the
direction parallel to the surface Z = 0 (Fig. 2) and perpendicular
to the surface Z = 0 (Fig. 3), respectively, with various relativen5 n6 n7 n8
0.7972 0.9356 1.3240 1.9017
0.7947 0.9356 1.3212 1.9016
0.7871 0.9354 1.3126 1.9014
0.7740 0.9352 1.2984 1.9010
0.7546 0.9348 1.2786 1.9005
0.7276 0.9343 1.2534 1.8999
0.6910 0.9336 1.2231 1.8992
0.6414 0.9326 1.1882 1.8985
0.5733 0.9310 1.1497 1.8977
0.4755 0.9287 1.1087 1.8970
0.3169 0.9248 1.0672 1.8962
0.9175 1.0277 1.8955 0.2253i
0.9033 0.9946 1.8948 0.4787i
0.9425 1.8862 4.2575i 9.9238i
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Fig. 2. The distribution of the normalized normal stress rZZ(X/a, Z/a)/r⁄ (r⁄ = P/(ap)) in the direction parallel to the surface under (a) an electrically conducting and
magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat punch,
and (d) an electrically insulating and magnetically insulating ﬂat punch.
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Fig. 3. The distribution of the normalized normal stress rZZ(X/a, Z/a)/r⁄ (r⁄ = P/(ap)) in the direction perpendicular to the surface under (a) an electrically conducting and
magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat punch,
and (d) an electrically insulating and magnetically insulating ﬂat punch.
3868 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882moving velocity values under a ﬂat punch with different magneto-
electro proprieties, including electrically conducting and
magnetically conducting (Case APQM), electrically conducting
and magnetically insulating (Case APQ), electrically insulating
and magnetically conducting (Case APM), and electrically insulat-ing and magnetically insulating (Case AP). Note that in all cases,
an indentation force P is exerted on the punch. It is assumed that
that the total indentation force P, the accumulated electric charge
Q, and the accumulated magnetic induction M have the relation-
ship |P| = 105|Q| = 105|M|.
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Fig. 4. The distribution of the normalized electric displacement DZ(X/a, Z/a)/q⁄ (q⁄ = Q/(ap)) in the direction parallel to the surface under (a) an electrically conducting and
magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat punch,
and (d) an electrically insulating and magnetically insulating ﬂat punch.
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Fig. 5. The distribution of the normalized electric displacement DZ(X/a, Z/a)/q⁄ (q⁄ = Q/(ap)) in the direction perpendicular to the surface under (a) an electrically conducting
and magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat
punch, and (d) an electrically insulating and magnetically insulating ﬂat punch.
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discontinuous near the edges, the normalized normal stress rZZ(X/
a, Z/a)/r⁄ is continuous everywhere inside magneto-electro-elastic
half-plane materials and tends to vanish rapidly as the magnitudeof either X/a or Z/a increases, which shows the necessity of the reg-
ularity conditions, namely, Eqs. (17)–(19), given in Part I. Further-
more, the normalized normal stress rZZ(X/a, Z/a)/r⁄ inside
magneto-electro-elastic half-plane materials is affected by the
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Fig. 6. The distribution of the normalized magnetic induction BZ(X/a, Z/a)/m⁄ (m⁄ =M/(ap)) in the direction parallel to the surface under (a) an electrically conducting and
magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat punch,
and (d) an electrically insulating and magnetically insulating ﬂat punch.
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Fig. 7. The distribution of the normalized magnetic induction BZ(X/a, Z/a)/m⁄(m⁄ =M/(ap)) in the direction perpendicular to the surface under (a) an electrically conducting
and magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insulating ﬂat punch, (c) a magnetically conducting and electrically insulating ﬂat
punch, and (d) an electrically insulating and magnetically insulating ﬂat punch.
3870 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882magneto-electro properties of the punch and loadings applied to
the punch because of the coupling among the elastic, electric,
and magnetic ﬁelds, as observed from Eqs. (85) given in Part I; thisrelationship is different from the surface contact stress case. As
shown in Figs. 2 and 3 for different cases, the normalized normal
stress varies greatly with different magneto-electro properties of
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magnitudes of the indentation force, the electric charge, and the
magnetic induction applied to the punch. Under current loadings,
the magnitude of the normalized normal stress satisﬁes the follow-
ing relationship:
Case APQM > Case APQ > Case APM > Case AP
Note that the normal stress magnitude in Case APQM is slightly
greater than that in Case APQ.
Thus, the fully conducting punch has the largest inﬂuence be-
cause of the coupled effects among the three ﬁelds inside
magneto-electro-elastic half-plane materials, while the fully insu-
lating punch, i.e., mechanical punch, has the smallest inﬂuence
on the normalized normal stress rZZ(X/a, Z/a)/r⁄ among the four
cases. The normalized normal stress magnitude in Case APQM is
three orders of magnitude larger than that in Case AP. Under cur-
rent loadings, the electrical property of the punch contributes more
to the normal stress than does the magnetic property of the punch.
It may be concluded that the magneto-electro properties of the
punch induce multiple coupling effects on the normal stress on dif-
ferent levels. Therefore, the coupling effect induced by the fully
conducting punch is the strongest among them.
For the current moving contact problem, in addition to the mag-
neto-electro properties of the punch, the moving velocity c also
greatly affects the contact behaviors. Fig. 2 shows that the magni-
tude of the normalized normal stress rZZ(X/a, Z/a)/r⁄ has a peak va-
lue near the punch edges in the direction parallel to the surface.
These locations could potentially cause a crack. The magnitude of
the peak normalized normal stress rZZ(X/a, Z/a)/r⁄ value in the
direction parallel to the surface increases as the relative moving
velocity c increases. The result in Fig. 3 demonstrates that the mag-
nitude of the normalized normal stress rZZ(X/a, Z/a)/r⁄ varies from
its surface value to a peak value in the direction perpendicular tothe surface and then decreases to a limiting value. When the mov-
ing velocity c increases, it is predicted that the magnitude of the
peak normalized normal stress rZZ(X/a, Z/a)/r⁄ value perpendicular
to the surface increases and the peak value point Z/a also increases.
Thus, it is clear that, in addition to the magneto-electro properties
of the punch and loadings applied to the punch, the relative mov-
ing velocity may be employed to adjust the normal stress inside
magneto-electro-elastic half-plane materials to suppress the afore-
mentioned tendency of cracking tendency.4.2. The normalized electric displacement distribution under a ﬂat
punch
The normalized electric displacement distributions (DZ(X/
a, Z/a)/q⁄, q⁄ = Q/(ap)) in the direction parallel to the surface Z = 0
and perpendicular to the surface Z = 0 with various relative moving
velocity values under a ﬂat punch with the four cases mentioned in
Section 4.1 are shown in Figs. 4 and 5; it is assumed that
|P| = 105|Q| = 105|M|.
Unlike the electric displacement on the surface, Figs. 4 and 5
illustrate that the normalized electric displacement DZ(X/a, Z/a)/
q⁄ inside magneto-electro-elastic half-plane materials is continu-
ous everywhere and tends to diminish as either X/a or Z/a in-
creases, which justiﬁes the regularity conditions given in Eqs.
(17)–(19) in Part I . In each case, the magnitude of the normalized
electric displacement DZ(X/a, Z/a)/q⁄ in the direction parallel to the
surface has a peak value near the punch edges, while the location
of the peak normalized electric displacement DZ(X/a, Z/a)/q⁄ per-
pendicular to the surface is dependent on the magneto-electro
properties of the punch.
Fig. 4(a) and (b) and Fig. 5(a) and (b) show that the normalized
electric displacement DZ(X/a, Z/a)/q⁄ under an electrically conduct-
ing and magnetically insulating ﬂat punch is almost the same as
3872 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882that under an electrically and magnetically conducting ﬂat punch.
This fact may indicate that the electrical property of the punch has
a greater inﬂuence on the normalized electric displacement than
does the magnetic property of the punch, which can be conﬁrmed
by comparing Fig. 4(b) and (c) and Fig. 5(b) and (c). As in the case of
normalized normal stress rZZ(X/a, Z/a)/r⁄, the fully conducting
punch again has the largest inﬂuence, while the fully insulating
punch has the smallest inﬂuence on the normalized electric dis-
placement DZ(X/a, Z/a)/q⁄ among the four cases. The electric dis-
placement magnitude also shows the following relationship:
Case APQM > Case APQ > Case APM > Case AP
Note that the electric displacement magnitude in Case APQM is
slightly greater than that in Case APQ.
Fig. 4(c) and (d) and Fig. 5(c) and (d) show that increasing the rel-
ative moving velocity c results in a greater peak magnitude of the
normalized electric displacement, while the relative moving veloc-
ity c has no signiﬁcant effects on the normalized electric displace-
ment DZ(X/a, Z/a)/q⁄ when an electric charge is applied to the ﬂat
punch, as shown in Fig. 4(a) and (b) and Fig. 5(a) and (b).The electric
charge applied to the ﬂat punch may mitigate the inﬂuence of the
relativemoving velocity on the electric displacement; however, this
possibility needs to be conﬁrmed through experimentation.4.3. The normalized magnetic induction distribution under a ﬂat punch
Figs. 6 and 7 show the normalized magnetic induction distribu-
tions (BZ(X/a, Z/a)/m⁄,m⁄ =M/(ap)) in the direction parallel to the
surface and perpendicular to the surface, respectively, with the rel-
ative moving velocity c varying under a ﬂat punch with different
magneto-electro properties; it is assumed that |P| = 105|Q| =
105|M|. The continuity discussions for the normalized magnetic
induction BZ(X/a, Z/a)/m⁄ inside magneto-electro-elastic half-plane
materials and the justiﬁcation of the regularity conditions are-12 -9 -6 -3 0
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Fig. 9. The distribution of the normalized shear stress rXZ(X/a, Z/a)/r⁄(r⁄ = P/(ap)) in t
magnetically conducting ﬂat punch, (b) an electrically conducting and magnetically insul
and (d) an electrically insulating and magnetically insulating ﬂat punch.similar to those for the normal stress and the electric displacement,
and hence are omitted here. Attention will be focused on two other
interesting issues.
First, the magnitude of the normalized magnetic induction sat-
isﬁes the following relationship:Case APQM > Case APM > Case APQ > Case AP
What differs in this expression from the similar expressions for
the normal stress and electric displacement is that, as expected,
the magnetic property of the punch has a greater inﬂuence on
the normalized magnetic induction than does the electrical
property of the punch. Among the four cases, the fully conducing
punch still has the largest inﬂuence, while the fully insulating
punch has the smallest inﬂuence on the normalized magnetic
inductionmagnitude. Thus, from the related discussions of the nor-
mal stress, electric displacement, and magnetic induction, it may
be concluded that the magnitude of any physical quantity at a
point inside magneto-electro-elastic half-plane materials under a
ﬂat punch can be controlled by the magneto-electro properties of
the punch and the punch loadings because of the coupling among
the three ﬁelds. It appears that the fully conducting punch has the
largest inﬂuence, while the fully insulating punch has the smallest
inﬂuence on physical quantities inside magneto-electro-elastic
half-plane materials. Whether the electrical property or the
magnetic property of the punch has a greater inﬂuence on the
magnitude of the physical quantity than the other does is depen-
dent on the mechanical, electrical, or magnetic properties of the
corresponding physical quantity and the joint loadings applied to
the punch.
Second, as shown in Fig. 6(c) and Fig. 7(c), changing the relative
moving velocity c has no signiﬁcant inﬂuence on the normalized
magnetic induction BZ(X/a, Z/a)/m⁄ under a magnetically conduct-
ing and electrically insulating ﬂat punch. It is unclear why this phe-
nomenon occurs; thus, experimentation is required to investigate-12 -9 -6 -3 0
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ized magnetic induction magnitude may amplify with an increas-
ing of the relative moving velocity.
4.4. The normalized surface in-plane stress distribution under a ﬂat
punch
The surface in-plane stress plays a key role in the surface dam-
age. Fig. 8 examines the surface in-plane stress rXX(X/a, 0)/r⁄
(r⁄ = P/(ap)) under different surface contact conditions. A common
feature obtained from Fig. 8(a)–(d) is that the normalized surface
in-plane stress rXX(X/a, 0)/r⁄ is unbounded, and there is a serious
stress concentration around the edges of the ﬂat punch, which
may account for the surface damage under a ﬂat punch.
The magneto-electro properties of the punch and the relative
moving velocity c greatly inﬂuence the surface in-plane stress dis-
tribution, which is different from the surface contact stress, the
surface electric displacement, and the surface magnetic induction.
As shown in Fig. 8(d) when the punch is a fully insulating punch,
the normalized surface in-plane stress is compressive and the mag-
nitude of the surface in-plane stress decreases with accelerating
relative moving velocity c. While the punch is fully or partially con-
ducting, the normalized surface in-plane stress becomes tensile
and increases as the punch moves faster. The unbound tensile in-
plane stress around the ﬂat punch edges may facilitate the
beginning of a crack. As in the normal stress case, the normalized
in-plane stress magnitude satisﬁes the following relationship:
Case APQM > Case APQ > Case APM > Case AP
Note that the normalized in-plane stress magnitude in Case
APQM is slightly greater than that in Case APQ.
4.5. The normalized shear stress distribution under a ﬂat punch
Fig. 9 shows the distribution of the normalized shear stress
rXZ(X/a, Z/a)/r⁄ (r⁄ = P/(ap)) perpendicular to the surface Z = 0 with0.0 0.3 0.6 0.9
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Fig. 10. The half-width of the contact region versus the relative moving velocity c with
punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c)
electrically insulating and magnetically insulating cylindrical punch.various relative moving velocity values under a ﬂat punch with dif-
ferent magneto-electro properties, in which it is assumed that
|P| = 105|Q| = 105|M|.
It can be observed that the shear stress is zero when Z/a = 0 and
is not in the largest state on the surface. As observed in Fig. 9, when
an electric charge is applied to the ﬂat punch, there is a peak ten-
sile or compressive shear stress depending on the relative moving
velocity c. Under a magnetically conducting and electrically insu-
lating ﬂat punch, a peak compressive shear stress occurs. A peak
tensile shear stress occurs under an electrically insulating and
magnetically insulating ﬂat punch. When an electric charge is
not applied on the ﬂat punch, the peak shear stress magnitude in-
creases as the relative moving velocity increases.5. Contact behaviors under a cylindrical punch
In this section, ﬁgures are plotted to reveal the effects of the rel-
ative moving velocity c, the cylindrical punch radius R, and mag-
neto-electro-elastic punch loadings on the contact region, the
surface contact stress, the surface electric displacement, the sur-
face magnetic induction, the surface in-plane stress, and the shear
stress under the action of a cylindrical punch with different mag-
neto-electro properties. The physics behind the differences in dif-
ferent surface contact conditions are also presented.5.1. The contact region under a cylindrical punch
The contact region between the cylindrical punch and magneto-
electro-elastic half-plane materials is unknown a priori, which is
different from the constant contact region for a ﬂat punch case,
and can be determined by Eqs. (107), (121), (132), or (135) in Part
I of this series of papers, depending on the magneto-electro prop-
erties of the cylindrical punch. Figs. 10 and 11 show the effects of
the relative moving velocity c and the radius R, respectively, on the
contact region with a varying total indentation force P.0.0 0.3 0.6 0.9
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Fig. 11. The half-width of the contact region versus the cylindrical punch radius R with c = 0.6 under (a) an electrically conducting and magnetically conducting cylindrical
punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a magnetically conducting and electrically insulating cylindrical punch, and (d) an
electrically insulating and magnetically insulating cylindrical punch.
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Fig. 12. The inﬂuences of the relative moving velocity c on the surface contact stress rZZ(X, 0) with R = 0.1 m, P = 106 N/m and (or) Q = 1 C/m and (or)M = 30 N/A under (a) an
electrically conducting and magnetically conducting cylindrical punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a magnetically
conducting and electrically insulating cylindrical punch, and (d) an electrically insulating and magnetically insulating cylindrical punch (here and hereafter ‘and/or’ is
dependent on the magneto-electro properties of the punch).
3874 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882A common feature observed in Figs. 10 and 11 is that the mag-
neto-electro properties of the cylindrical punch do not signiﬁcantly
inﬂuence the contact region width. The contact region is mainly
determined by the total indentation force P, the relative moving
velocity c, and the radius R. It can be observed that an increasingof the indentation force P results in a larger contact region. The fas-
ter the punch moves, the larger the contact region will be (Fig. 10).
With the radius R becoming larger, the contact region becomes
wider (Fig. 11). These conclusions will be further conﬁrmed in
the discussions below.
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Fig. 13. The inﬂuences of the cylindrical punch radius R on the surface contact stress rZZ(X, 0) with R0 = 0.1 m, c = 0.6 , P = 106 N/m and (or) Q = 1 C/m and (or) M = 30 N/A
under (a) an electrically conducting and magnetically conducting cylindrical punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a
magnetically conducting and electrically insulating cylindrical punch, and (d) an electrically insulating and magnetically insulating cylindrical punch.
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Fig. 14. The inﬂuences of the indentation force P on the surface contact stress rZZ(X, 0) with R = 0.1 m, c = 0.6 and (or) Q = 1 C/m and (or) M = 30 N/A under (a) an electrically
conducting and magnetically conducting cylindrical punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a magnetically conducting and
electrically insulating cylindrical punch, and (d) an electrically insulating and magnetically insulating cylindrical punch.
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The inﬂuences of the relative moving velocity c, the cylindrical
punch radius R, and the indentation force P on the surface contact
stress rZZ(X, 0) under a cylindrical punch with different magneto-
electro properties are demonstrated in Figs. 12–14, respectively.It is shown that at the edges of the cylindrical punch, the surface
contact stress rZZ(X, 0) is zero. As discussed in Section 4, the sur-
face contact stress at the edges of the ﬂat punch is singular. Thus,
the punch proﬁle plays an important role in the contact problem.
In each ﬁgure, the corresponding surface contact stress curves
keep nearly the same shapes. Thus, the magneto-electro properties
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Fig. 15. The inﬂuences of the relative moving velocity c on the surface electric displacement DZ(X, 0) with R = 0.1 m, P = 106 N/m, Q = 1 C/m and(or) M = 30 N/A under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) an electrically conducting and magnetically insulating cylindrical punch.
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Fig. 16. The inﬂuences of the cylindrical punch radius R on the surface electric displacement DZ(X, 0) with R0 = 0.1 m, c = 0.6, P = 106 N/m, Q = 1 C/m and(or)M = 30 N/A under
(a) an electrically conducting and magnetically conducting cylindrical punch and (b) an electrically conducting and magnetically insulating cylindrical punch.
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Fig. 17. The inﬂuences of the indentation force P on the surface electric displacement DZ(X, 0) with R = 0.1 m, c = 0.6, Q = 1 C/m and (or) M = 30 N/A under (a) an electrically
conducting and magnetically conducting cylindrical punch and (b) an electrically conducting and magnetically insulating cylindrical punch.
3876 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882of the cylindrical punch have no signiﬁcant effects on the surface
contact stress rZZ(X, 0). The relative moving velocity c, the cylindri-
cal punch radius R, and the indentation force P are the main factors
in controlling the surface contact stress rZZ(X, 0). Fig. 12 shows that
the peak magnitude of the surface contact stress rZZ(X, 0) can be
relieved as the punch moves faster. Fig. 13 shows that the peak
magnitude of the surface contact stress rZZ(X, 0) will greatly
decrease as the magneto-electro-elastic half-plane materials are
loaded by a larger radius cylindrical punch. Fig. 14 shows that an
increase in the indentation force P leads to a greater peak magni-
tude of the surface contact stress rZZ(X, 0). The peak magnitude
of the surface contact stress rZZ(X, 0) always occurs at the punch
center. In addition, Figs. 12–14 reconﬁrm the conclusions from
Subsection 5.1 regarding the inﬂuence of the relative moving
velocity c, the cylindrical punch radius R, and the indentation force
P on the contact region under the cylindrical punch.Note that Figs. 12–14(a) can be plotted either from Eq. (104)
or from the second equation of Eq. (109); Figs. 12–14(b) can be
plotted either from Eq. (119) or from the second equation of
Eq. (109); Figs. 12–14(c) can be plotted either from Eq. (130) or
from the corresponding equation reduced from Eq. (109); and
Figs. 12–14(d) can be plotted either from Eq. (134) or from the
corresponding equation reduced from Eq. (109) given in Part I
of this series of papers. This fact, i.e., the ability of the ﬁgures
to be plotted with the equations from Part I, not only justiﬁes
the derivation of the closed-form solutions for the case of a cylin-
drical punch but also shows the validity of the present program.
From Eqs. (104), (119), (130), and (134), it is also observed
that the accumulated electric charge Q and the accumulated mag-
netic induction M have no inﬂuence on the surface contact
stress rZZ(X, 0), and the related ﬁgures are omitted here to save
space.
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Fig. 18. The inﬂuences of the accumulated electric charge Q on the surface electric displacement DZ(X, 0) with R = 0.1 m, c = 0.6, P = 106 N/m and (or)M = 30 N/A under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) an electrically conducting and magnetically insulating cylindrical punch.
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Fig. 19. The inﬂuences of certain combinations of electro-elastic loadings on the surface electric displacement DZ(X, 0) with R = 0.1 m, c = 0.6 and (or)M = 30 N/A under (a) an
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Fig. 20. The inﬂuences of the relative moving velocity c on the surface magnetic induction BZ(X, 0) with R = 0.1 m, P = 106 N/m, M = 30 N/A and (or) Q = 1 C/m under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) a magnetically conducting and electrically insulating cylindrical punch.
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punch
Figs. 15–18 show the inﬂuences of the relative moving velocity
c, the cylindrical punch radius R, the indentation force P, and the
accumulated electric charge Q on the surface electric displacement
DZ(X, 0) under an electrically conducting and magnetically con-
ducting cylindrical punch or an electrically conducting and mag-
netically insulating cylindrical punch. Note that under a
magnetically conducting and electrically insulating cylindrical
punch or an electrically insulating and magnetically insulating
cylindrical punch, the surface electric displacement DZ(X, 0) is zero.
It can be observed that the surface electric displacement is al-
most the same in both cases because the punch is electrically con-
ducting. It seems that the electrical property of the cylindrical
punch has a decisive role in determining the surface electricdisplacement compared with the magnetic property of the cylin-
drical punch. An important issue shown in Figs. 15–18 is that the
surface electric displacement DZ(X, 0) has a singularity at the
edges of the cylindrical punch while the surface contact stress
stays smooth. Thus, an electric displacement concentration exists
around the cylindrical punch edges. The electric displacement con-
centration can be reduced by increasing the relative moving veloc-
ity c (Fig. 15), increasing the cylindrical punch radius R (Fig. 16), or
increasing the indentation force P (Fig. 17). Unlike the surface con-
tact stress case, the accumulated electric charge Q greatly affects
the surface electric displacement distribution. In fact, the singular-
ity at the edges of a cylindrical punch results from the additional
electric charge Q  QP. Certainly, a decrease in the accumulated
electric charge Q leads to a weaker surface electric displacement
concentration around the edges of the cylindrical punch as
observed in Fig. 18.
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Fig. 21. The inﬂuences of the cylindrical punch radius R on the surface magnetic induction BZ(X, 0) with R0 = 0.1 m, c = 0.6, P = 106 N/m, M = 30 N/A and (or) Q = 1 C/m under
(a) an electrically conducting and magnetically conducting cylindrical punch and (b) a magnetically conducting and electrically insulating cylindrical punch.
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Fig. 22. The inﬂuences of the indentation force P on the surface magnetic induction BZ(X, 0) with R = 0.1 m, c = 0.6, M = 30 N/A and (or) Q = 1 C/m under (a) an electrically
conducting and magnetically conducting cylindrical punch and (b) a magnetically conducting and electrically insulating cylindrical punch.
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Fig. 23. The inﬂuences of the accumulated magnetic inductionM on the surface magnetic induction BZ(X, 0) with R = 0.1 m, c = 0.3, P = 106 N/m and (or) Q = 1 C/m under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) a magnetically conducting and electrically insulating cylindrical punch.
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and for a long time, surface damage should be avoided during
the production and service process. Fig. 19 indicates that by
choosing certain combinations of electro-elastic loadings, the sin-
gularity can be suppressed (note that the accumulated magnetic
induction M has no inﬂuences on the surface electric displace-
ment DZ(X, 0) and that only combinations of electro-elastic
loadings are needed). With increasing the indentation force P,
the value of the accumulated electric charge Q applied to the
cylindrical punch to suppress the singularity increases. Moreover,
for the same indentation force P, the accumulated electric charge
Q applied to an electrically conducting and magnetically conduct-
ing cylindrical punch is somewhat larger than that applied to an
electrically conducting and magnetically insulating cylindrical
punch. Fig. 19 shows that the surface electric displacement
DZ(X, 0) is zero at the edges under the action of certain electro-
elastic loading combinations. The peak magnitude of the surfaceelectric displacement DZ(X, 0) increases as electro-elastic loadings
increase.
Note that Figs. 15–19(a) can be plotted either from Eq. (105) or
from the second equation of Eq. (110) and Figs. 15–19(b) can be
plotted either from Eq. (120) or from the corresponding equation
reduced from Eq. (110) given in Part I of this series of papers, which
again both justiﬁes the deduction of the closed-form solutions for
the cylindrical punch case and shows the validity of the present
program. From these equations, it can also be found that the accu-
mulated magnetic inductionM has no effect on the surface electric
displacement DZ(X, 0).
5.4. The surface magnetic induction distribution under a cylindrical
punch
Figs. 20–23 illustrate the inﬂuences of the relative moving
velocity c, the cylindrical punch radius R, the indentation force P,
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Fig. 25. The inﬂuences of the cylindrical punch radius R on the surface in-plane stress rXX(X, 0) with R0 = 0.1 m, c = 0.9, P = 106 N/m and (or) Q = 1 C/m and (or) M = 30 N/A
under (a) an electrically conducting and magnetically conducting cylindrical punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a
magnetically conducting and electrically insulating cylindrical punch, and (d) an electrically insulating and magnetically insulating cylindrical punch.
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Fig. 26. The inﬂuences of the accumulated electric charge Q on the surface in-plane stress rXX(X, 0) withR = 0.1 m, c = 0.9, P = 106 N/m and (or) M = 30 N/A under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) an electrically conducting and magnetically insulating cylindrical punch.
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magnetic induction BZ(X, 0) under an electrically conducting and
magnetically conducting cylindrical punch or a magnetically con-
ducting and electrically insulating cylindrical punch. A seriousmagnetic induction concentration exists around the cylindrical
punch edges. The additional magnetic induction M MP induces
the surface magnetic induction singularity at the edges. To relax
the magnetic induction concentration around the cylindrical punch
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Fig. 27. The inﬂuences of the accumulated magnetic induction M on the surface in-plane stress rXX(X, 0) with R = 0.1 m, c = 0.9, P = 106 N/m and (or) Q = 1 C/m under (a) an
electrically conducting and magnetically conducting cylindrical punch and (b) a magnetically conducting and electrically insulating cylindrical punch.
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Fig. 28. The inﬂuences of certain combinations of magneto-electro-elastic loadings
on the surface in-plane stress rXX(X, 0) with R = 0.1 m and c = 0.9 under (a) an
electrically conducting and magnetically conducting cylindrical punch, (b) an
electrically conducting and magnetically insulating cylindrical punch, and (c) a
magnetically conducting and electrically insulating cylindrical punch.
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tive moving velocity c (Fig. 20), (ii) increasing the cylindrical punch
radius R (Fig. 21), (iii) increasing the indentation force P (Fig. 22), or
(iv) decreasing the accumulated magnetic inductionM (Fig. 23). To
completely suppress the surface magnetic induction singularity at
the edges of the cylindrical punch, certain combinations of the
magneto-elastic loadings are needed (note that the accumulated
electric charge Q has no effect on the surface magnetic induction
BZ(X, 0)). Fig. 24 shows that the surface magnetic induction
BZ(X, 0) stays smooth under the action of certain combinations of
magneto-elastic loadings at the punch edges. The peak magnitude
of the surface magnetic induction BZ(X, 0) increases with increasing
the magneto-elastic loadings. Figs. 20–24 also show that the sur-
face magnetic induction remains nearly the same under the two
types of punches. Thus, as expected, the magnetic property of the
cylindrical punch contributes more to the surface magnetic induc-
tion than does the electrical property of the cylindrical punch.
Note that Figs. 20–24(a) can be plotted either from Eq. (106) or
fromthesecondequationof Eq. (111), andFigs. 20–24(b) canbeplot-
ted either from Eq. (131) or from the corresponding equation re-
duced from Eq. (111) given in Part I of this series of papers. From
these equations, it can also be shown that the accumulated electric
chargeQhas no inﬂuence on the surfacemagnetic inductionBZ(X, 0).
5.5. The surface in-plane stress distribution under a cylindrical punch
The variations of the surface in-plane stress rXX(X, 0) with dif-
ferent values of the cylindrical punch radius R under a cylindrical
punch with different magneto-electro properties are examined in
Fig. 25. Fig. 25(a)–(c) shows that the surface in-plane stress rXX(-
X, 0) is unbounded at the edges when the cylindrical punch is fully
or partially conducting, which accounts for the surface damage un-
der a cylindrical punch. A larger cylindrical punch radius R attenu-
ates the surface in-plane stress concentration around the punch
edges. The additional electric charge Q  QP or the additional mag-
netic inductionM MP, or both, induces the surface in-plane stress
singularity at the cylindrical punch edges. It seems that the electri-
cal property of the cylindrical punch contributes more to the sur-
face in-plane stress than does the magnetic property of the
cylindrical punch. When under the action of a fully insulating
punch, i.e., a mechanical punch, the surface in-plane stress
rXX(X, 0) has no singularities and is equal to zero at the edges.
Discussions regarding the inﬂuences of the relative moving veloc-
ity c and the indentation force P on the surface in-plane stress are
similar to those for the radius R and hence are omitted here. Atten-
tion is paid to the accumulated electric charge Q and the accumu-
lated magnetic induction M.
As mentioned above, both the accumulated electric charge Q
and the accumulated magnetic induction M have no inﬂuence onthe surface contact stress; the accumulated magnetic induction
M has no inﬂuence on the surface electric displacement; and the
accumulated electric charge Q has no inﬂuence on the surface mag-
netic induction, while both the accumulated electric charge Q and
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Fig. 29. The inﬂuences of the relative moving velocity c on the shear stress rXZ(X, Z) with R = 0.1 m, P = 106 N/m and (or) Q = 1 C/m and (or) M = 30 N/A under (a) an
electrically conducting and magnetically conducting cylindrical punch, (b) an electrically conducting and magnetically insulating cylindrical punch, (c) a magnetically
conducting and electrically insulating cylindrical punch, and (d) an electrically insulating and magnetically insulating cylindrical punch.
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stress distribution. Fig. 26 shows that, as expected, the in-plane
stress concentration can be reduced by applying a lower electric
charge Q to the electrically conducting punch. Fig. 27 indicates that
an escalated accumulated magnetic induction M applied to the
magnetically conducting punch may lead to an increase of the sur-
face in-plane stress. The increase of the surface in-plane stress is
not signiﬁcant under an electrically conducting and magnetically
conducting cylindrical punch as observed in Fig. 27(a), which again
proves that the electrical property of the cylindrical punch contrib-
utes more to the surface in-plane stress than does the magnetic
property of the cylindrical punch.
Furthermore, Fig. 28 demonstrates that the surface in-plane
stress concentration around the cylindrical punch edges can be
suppressed by choosing certain combinations of magneto-elec-
tro-elastic loadings. It can be observed that the surface in-plane
stress rXX(X, 0) is zero at the cylindrical punch edges under certain
combinations of the magneto-electro-elastic loadings. The peak
magnitude of the surface in-plane stress rXX(X, 0) increases as
the loadings increase.
5.6. The shear stress distribution under a cylindrical punch
Fig. 29 shows the distribution of the shear stress rXZ(X, Z) inside
magneto-electro-elastic half-plane materials in the direction per-
pendicular to the surface Z = 0 with various values of the relative
moving velocity c under a cylindrical punch with different mag-
neto-electro properties.
It can be found that the shear stress is not in the largest state
on the surface because it is zero when Z = 0. Inside magneto-elec-
tro-elastic half-plane materials, the shear stress can be either
compressive or tensile when the punch is fully or partially con-
ducting, while it is tensile when the punch is only a mechanical
punch. For the tensile shear stress, an increasing of the moving
velocity makes the peak value larger. The shear stress vanishes
rapidly as the magnitude of Z increases, which demonstrates
the necessity of the regularity conditions Eqs. (17)–(19) givenin Part I. For the shear stress, the electrical property of the punch
has a greater inﬂuence than does the magnetic property of the
punch and the following relationship exists in terms of the
magnitudes:
Case APQM > Case APQ > Case APM > Case AP
Note that the shear stress magnitude in Case APQM is slightly
greater than that in Case APQ.
For various stresses inside magneto-electro-elastic half-plane
materials, this expression seemingly always exists.
6. Conclusions
Based on the closed-form solutions given in Part I, the numeri-
cal analysis for the same contact problem of magneto-electro-elas-
tic half-plane materials indented by a moving punch is performed
in the present paper, i.e., Part II of this series of papers. A BaTiO3–
CoFe2O4 composite is chosen for the numerical computation. For
the present moving contact problem, the moving velocity affects
the eigenvalue distribution. In the numerical computation, the rel-
ative moving velocity values are kept within the interval (0, 1). The
inﬂuences of the relative moving velocity, the geometry loading,
andmagneto-electro properties of the punch with a ﬂat or cylindri-
cal proﬁle on the contact behaviors are detailed. The present paper
shows that the coupling among the elastic, electric, and magnetic
ﬁelds, and the moving velocity allow adjustment of the magni-
tudes of physical quantities in magneto-electro-elastic half-plane
materials. Magneto-electro properties of the punch and the moving
velocity may have different contributions to the same physical
quantities on the surface or inside magneto-electro-elastic half-
plane materials.
More detailed observations are made as follows:
(i) Under a ﬂat punch, serious contact stress, electric displace-
ment, and/or magnetic induction concentrations occur near
the punch edges depending on the magneto-electro proper-
ties of the ﬂat punch.
3882 Y.-T. Zhou, K.Y. Lee / International Journal of Solids and Structures 49 (2012) 3866–3882(ii) Under a ﬂat punch, the magnitude of the normalized normal
stress, electric displacement, and magnetic induction inside
magneto-electro-elastic half-plane materials are greatly
affected by magneto-electro properties of the ﬂat punch
because of the coupling among three ﬁelds.
(iii) There is a serious concentration of the surface in-plane
stress around the edges of the ﬂat punch.
(iv) The magneto-electro properties of the cylindrical punch
have no signiﬁcant inﬂuence on the contact region between
the cylindrical punch and magneto-electro-elastic half-plane
materials. The contact region of a cylindrical punch is mainly
determined by the total indentation force P, the relative
moving velocity c, and the radius R.
(v) When the cylindrical punch is fully or partially conducting,
there are serious electric displacement, magnetic induction,
and in-plane stress concentrations near the punch edges
because of the additional electric charge or the additional
magnetic induction, or both; these concentrations can be
suppressed by certain combinations of magneto-electro-
elastic loadings.
Based on a complete coupling theory, Part I and II of this series
of papers may provide a theoretical basis for characterizing mag-
neto-electro-elastic materials.References
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